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The problem of characterizing low-temperature spin dynamics in antiferromagnetic spin chains has
so far remained elusive. Here we reinvestigate it by focusing on isotropic antiferromagnetic chains
whose low-energy effective field theory is governed by the quantum non-linear sigma model. Em-
ploying an exact non-perturbative theoretical approach, we analyze the low-temperature behaviour
in the vicinity of non-magnetized states and obtain exact expressions for the spin diffusion constant
and the NMR relaxation rate, which we compare with previous theoretical results in the literature.
Surprisingly, in SU(2)-invariant spin chains in the vicinity of half-filling we find a crossover from
the semi-classical regime to a strongly interacting quantum regime characterized by zero spin Drude
weight and diverging spin conductivity, indicating super-diffusive spin dynamics. The dynamical
exponent of spin fluctuations is argued to belong to the Kardar-Parisi-Zhang universality class. Fur-
thermore, by employing numerical tDMRG simulations, we find robust evidence that the anomalous
spin transport persists also at high temperatures, irrespectively of the spectral gap and integrability
of the model.
One-dimensional isotropic antiferromagnets reveal sev-
eral remarkable aspects, which made them a subject of
very intense experimental and theoretical investigations
in the past. One of the most profound features is a
fundamental distinction between spin systems with odd
and integer spin. In one dimension, the latter exhibit
dynamically generated gapped spectrum while the for-
mer is characterised by gapless excitations with fractional
statistics [1–3].
In the context of non-equilibrium physics, the main fo-
cus has been to explain the peculiar properties of the
spin relaxation dynamics of the Haldane-gapped spin
chain compounds. In spite of various theoretical ap-
proaches, ranging from field-theoretical techniques such
as the form-factor expansions [4, 5], to the semi-classical
approximations [6–10], the status of the topic remained
controversial, with a number of conflicting statements
concerning the spin Drude weight, spin diffusion con-
stant, and the nuclear magnetic resonance (NMR) rate.
Recent years have brought many theoretical advance-
ments in the domain of non-equilibrium phenomena in
exactly solvable interacting systems. One of the key
achievements amongst is the formalism of the general-
ized hydrodynamics [11, 12], see also [13–25], which of-
fers an efficient and universal language to tackle vari-
ous non-equilibrium problems. Among others, it enables
us to obtain closed-form analytic expressions for trans-
port coefficients, such as Drude weights [26–29] (see also
[30]) and, more recently, diffusion constants in interact-
ing quantum systems [31–34]. This powerful toolbox puts
us in a position to address a number of perennial issues
which fall outside of the scope of previous approaches.
In this work, we revisit and resolve the problem of
spin transport in antiferromagnetic spin chains at low
temperatures in the half-filled sector, investigated pre-
viously in [4, 35, 36]. Here we focus our attention to
two physically relevant quantities, the spin diffusion con-
stant and the nuclear spin relaxation rate. We con-
centrate entirely to locally-interacting quantum spin-S
chains with SU(2)-symmetric Hamiltonians where our
findings markedly differ from previous predictions. We
demonstrate that in the experimentally relevant regime
h/T  1, where T is the temperature and h the exter-
nal magnetic field, the spin dynamics is dominated by
collective magnonic bound-state excitations as described
by the full many-body scattering matrix of the underly-
ing effective field theory. This has several far-reaching
physical consequences, most prominently the divergent
spin (charge) diffusion constant and spin conductivity at
any finite temperature, which signals super-diffusive spin
transport, with time-dependent DC conductivity grow-
ing as t1/3 at large times. This anomalous feature was
initially observed numerically in an integrable isotropic
Heisenberg model [37, 38], and established rigorously in
[39]. A recent numerical study in the same model [40]
gives a strong evidence that the spin relaxation dynam-
ics falls into the Kardar-Parisi-Zhang (KPZ) universality
class, otherwise better known from the physics of growing
interfaces [41–43].
By performing exact non-perturbative calculations, we
argue that this type of anomalous spin transport is a dis-
tinguished feature of spin/charge transport at low tem-
peratures even in generic one-dimensional non-integrable
isotropic antiferromagnetic compounds and regardless of
whether the low-lying theory is gapped or gapless. More-
over, our numerical tDMRG simulations give evidence
that the anomalous spin relaxation also persists at higher
temperatures. This indicates that non-Abelian global
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2symmetry of spin interaction can have a profound con-
sequence on the nature of spin transport on sub-ballistic
time scales irrespectively of integrability.
Spin diffusion constant from integrability. Let
Hˆ be a spin-chain Hamiltonian with the conserved to-
tal magnetization Sˆz =
∑
i sˆ
z
i . The linear-response spin
diffusion constant D is computed as the spatio-temporal
integrated spin current autocorrelation function [44, 45],
D(T, h) =
1
Tχh(T, h)
∫ ∞
0
dt
(〈
Jˆ(t)jˆ0(0)
〉
T,h
−D
)
, (1)
where Jˆ =
∑
i jˆi is the total spin current with density
jˆi at site i, 〈•〉T,h corresponds to the equilibrium aver-
age with respect to the grand-canonical Gibbs ensem-
ble %ˆGC(T, h) ' exp (−(Hˆ − hSˆz)/T ), while χh(T, h) =
−∂2f(T, h)/∂h2 is the static spin susceptibility, where
f(T, h) = −T log Tr(%ˆGC(T, h)), and D(T, h) is the spin
Drude weight which has been subtracted in order to
ensure that D(T, h) is well-defined. The spin Drude
weight is defined as the large-time limit of the spatially-
integrated current-current correlator in Eq. (1), and is
generically finite in integrable systems. However, in
a non-magnetized sector (i.e. at half-filling h = 0)
which is of our interest here, D(T, 0) = 0 essentially
due to particle-hole symmetry of local conservation laws
[27, 46, 47]. This is in agreement with the prediction of
the semi-classical theory [8].
The task of computing the exact diffusion constants
in integrable models remains, on the other hand, a chal-
lenging open question. Just very recently, exact explicit
expression for the diffusion matrix in a general equilib-
rium state has been derived in [33] using the thermal form
factor expansion and in [34] within the kinetic theory ap-
proach. In this work, we employ the general formula for
the exact spin diffusion constant obtained in [33, 34].
Here we specifically examine the vicinity of the half-filled
equilibrium states where, remarkably, we found that the
formula further simplifies and in fact exactly coincides
with the curvature of the zero-frequency noise (or Drude
self-weight) [28, 48],
Dself(T, h) = 2
∫ ∞
0
dt
〈
jˆ0(t)jˆ0(0)
〉
T,h
, (2)
with respect to the magnetization ν(T, h) ≡ 4T 〈Sˆz〉T,h,
D ≡ D(T, 0) = ∂
2Dself(T, ν)
∂ν2
∣∣∣
ν=0
. (3)
The obtained expression can alternatively by viewed as
the optimized diffusion-lower derived in [49]. We note
that Eq. (3) remains valid also for small h, up to correc-
tions of the order O(h2). The spin diffusion constant can
accordingly be expressed in terms of equilibrium state
functions via the hydrodynamic mode resolution
D =
∑
s
Ds, (4)
t1/3
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FIG. 1. Time-dependent spin conductivity (in units of ex-
change coupling J) for the isotropic gapless Heisenberg spin
S = 1/2 (left) and the spin S = 1 (right) (non-integrable)
gapped chain at half-filling h = 0, displayed for several differ-
ent temperatures (increasing from top to bottom) computed
using tDMRG simulations. Both cases exhibit an algebraic
law σ(t) ∼ t1/3, indicating that the spin super-diffusion is
unrelated to the spectral gap and integrability of the model.
with Ds=
∫ dps(θ)
2pi ns(θ)[1−ns(θ)]×|veffs (θ)|∂2ν(mdrs )2|ν=0.
Here the integer label s runs over all distinct quasi-
particle species [19, 33], ns(θ) correspond to their (ther-
mal) Fermi occupation functions, ps(θ) are their effective
(i.e. dressed) momenta parametrized by rapidity variable
θ, veffs (θ) = ∂εs(θ)/∂ps(θ) are the effective (group) ve-
locities and finally mdrs the dressed magnetization (spin)
with respect to a thermal background, see [47]. We will
now apply this formula to models with different particle
contents and in the low temperature regime.
Non-integrable isotropic antiferromagnetic
chains. We now consider the low-temperature spin
dynamics in generic antiferromagnetic spin chains with
isotropic spin interactions. For definiteness, we focus
on the SU(2)-symmetric Heisenberg spin-S chains
HˆS = J
∑
i sˆi · sˆi+1, with sˆ · sˆ = S(S + 1). In the large-S
limit, the effective low-energy action which describes the
evolution of the staggered and ferromagnetic fluctuations
sˆi ≈ S(−1)inˆ + mˆ yields a non-abelian quantum field
theory known as the O(3) non-linear sigma model
(NLSM) [1, 2, 50]. In dimensionless units v = 2JS → 1
and coupling parameter g = 2/S, the Hamiltonian reads,
Hˆ
(Θ)
Σ =
v
2
∫
dx
[
g
(
mˆ +
Θ
4pi
∂xnˆ
)2
+
1
g
(∂xnˆ)
2
]
, (5)
where ferromagnetic magnetization mˆ = nˆ × pˆ gen-
erates spatial rotations of the unit vector field nˆ =
(nˆx, nˆy, nˆz), with the canonically-conjugate momentum
pˆ = (1/g)∂tnˆ+(Θ/4pi)nˆ×∂xnˆ and Θ = 2piS is the topo-
logical angle. For Θ ∈ {0, pi} the O(3) NLSM model is
an integrable QFT with a completely factorizable scat-
tering matrix [51, 52]. Specifically, at Θ = 0 the model
yields the effective low-energy theory for the staggered
(k ≈ pi) and the ferromagnetic (k ≈ 0) fluctuations in
the Haldane–gapped integer spin chains. The k → 0
3component of the spin-lattice magnetization corresponds
to the conserved Noether charge mˆ, obeying continuity
equation ∂tmˆ + ∂x(nˆ × (1/g)∂xnˆ) = 0. The elementary
excitations are a massive triplet of bosons with a rel-
ativistic dispersion e(k) =
√
k2 + m2, with m being a
dynamically-generated mass m ∼ Λ e−pi S whose magni-
tude is determined by the underlying spin-S lattice model
at momentum scale Λ. While the NLSM has no physi-
cal bound states in the spectrum, the scattering is non-
diagonal and governed by a non-trivial exchange of spin
degrees of freedom. At Θ = pi, the O(3) NLSM describes
the low-energy continuum theory of the half-integer spin
chains with massless elementary excitations [3, 50].
Low-temperature spin transport. Hydrodynamic de-
scription of transport is based on the notion of quasi-
particles. The physical excitations of the O(3) NLSM
are spin-full boson which interacts via a non-trivial spin
exchange. This is conventionally understood in terms of
interacting spin waves (magnons) which are regarded as
additional auxiliary quasi-particles and are characterized
by internal quantum numbers s > 0 corresponding to a
quantized amount of bare spin they carry. The elemen-
tary bosonic excitation is ascribed s = 0.
In the low-temperature limit and small h, with ratio
h/T  1 large, the contributions of spin-carrying auxil-
iary quasi-particles become suppressed, and a dilute gas
of spin-full bosons serves as a good approximation. In
this regime we accordingly recover the prediction of the
semi-classical theory (cf. [47])
DΣ ' D0 = Dcl(T, h), h/T  1, (6)
where Dcl(T, h) = (e
m/T /m)/[1 + 2 cosh (h/T )], see [6].
In contrast, the behaviour of the spin diffusion constant
in the regime h/T  1 is fundamentally different and the
sub-leading corrections attributed to internal magnonic
excitations can no longer be neglected. Even worse, their
net contribution to the diffusion constant diverges at
small field as ∼ 1/|h|. The correct expression for the
spin diffusion constant is then given by Eq. (3),
DΣ =
∑
s≥0
Ds ∼ e
m/T
3m |h| +O(h
0), h/T  1. (7)
In particular the spin DC conductivity [47] reads
σ(T, h) = D(T, h)χh(T, h) = κ(T )|h|−1 + O(h0), with
κ(T ) ∼ T−1/2 at small T . Then one can check that
κ(T ) > 0 for any T , see [47], implying that spin trans-
port in the NLSM at half-filling h = 0 and T > 0 is
super-diffusive. For half-integer gapless spin chains we
can repeat the same logic for the NLSM with the topo-
logical angle Θ = pi, and once again find a diverging spin
conductivity. This leads us to conclude that the presence
or absence of the spectral gap plays no essential role for
this observed super-diffusive spin dynamics in isotropic
antiferromagnetic chains.
Spin transport at intermediate and high temperatures.
Characterizing spin dynamics at intermediate and high
temperatures in physical spin chains goes beyond a sim-
ple effective QFT description and thus poses a more
challenging task. Here we rely on tDMRG simulations.
In Fig. 1 we display the time-dependent spin DC con-
ductivity σ(t) = 1T
∫ t
0
dt′
〈
Jˆ(t′)jˆ0(0)
〉
T,h=0
at half-filling
and for various temperatures. The latter can be de-
duced from the growth rate of the spin current follow-
ing a quench from an initial bi-partitioned state with
a tiny magnetization imbalance δsz, namely σ(t) =
limδsz→0〈
∑
x jˆx(t)〉T,δsz/δsz, which is simpler from the
numerics standpoint. While very low temperatures can-
not be reached by this numerical technique, at higher
temperatures we find a clear signature of superdiffusion,
characterized by time-dependent conductivity σ(t) ∼ t1/3
at large times, see Fig. 1 as well as [47], both for the
gapless spin-1/2 and the gapped (non-integrable) spin-1
XXX chain. In our simulations, we have employed the
finite-temperature time-dependent density matrix renor-
malization group algorithm [53, 54], using a fixed dis-
carded weight and the maximum bond dimension of 4000
for spin 1/2 and 2000 for spin 1, with system size large
compare to the causality light cone at the largest simu-
lation time.
Comparison with previous results. To further
elaborate on the physical implications of our findings, we
now discuss our theoretical predictions in a broader con-
text and clarify the pitfalls of the previous approaches.
Semi-classical approach. It is instructive to first
shortly summarize the semi-classical approach to the low-
T quantum transport developed in refs. [6, 7] (see also
[55–57]). Using that in the regime T, h  m the mean
collision time (i.e. the inverse density) becomes expo-
nentially large (∼ T−1 em/T ), it has been argued that on
large spatio-temporal scales (compared to inverse tem-
perature t  T−1 and the thermal de Broglie wave-
length x  λT) the spin dynamics essentially becomes
‘universal’ and can be accurately described in terms of
classical trajectories. By accordingly keeping only the
zero-momentum part of the full quantum scattering ma-
trix in the gapped O(3) NLSM (Θ = 0), [6] predicts a
large but finite spin diffusion constant Dcl ∼ em/T /3m,
valid in the regime h T  m which corresponds to the
contribution of massive physical excitations correspond-
ing to s = 0, see Eg. (6). It is important to keep in
mind however that the semi-classical scattering theory
effectively interchanges the non-commuting T → 0 and
t → ∞ limits and, as a consequence, it is blind to the
coherent contributions of the internal magnonic degrees
of freedom (terms with s > 0 in Eq. (4)). It turns out
that there are crucial to correctly determine the nature
of spin transport in the regime h/T  1.
Normal spin diffusion at finite temperatures is on the
other hand restored upon adding interaction anisotropy.
To clarify this aspect, we briefly consider the XXZ spin-
1/2 chain with anisotropy ∆, assuming ∆ > 1 where
the quasi-particles pertain to compounds of s bound
magnons [47]. In the low-temperature limit and small
h, with h/T  1 large, the bound-state contributions
4(s > 1) are suppressed and from Eq. (3) we find (cf.
[47]) DXXZ ' A em/T where A = c2/(nm), n = 2 is
the number of low-energy degrees of freedom with the
low-momentum dispersion law ε1(k) ≈ m + (c k)2/2m,
where m denotes the spectral gap, with m = 12 sinh (η)×∑
k∈Z(−1)k/ cosh (kη), η = cosh−1 ∆. The obtained re-
sult agrees with the semi-classical result of ref. [7] and it
provides the first direct confirmation of the semi-classical
approximation in an anisotropic chain.
Dressed versus bare form factors. Form-factor expan-
sions established themselves as a powerful theoretical
tool for studying integrable QFTs [58–62]. In the form-
factor formalism one traditionally operates with the triv-
ial (bare) Fock vacuum as the reference state. In contrast,
a more general expansion with respect to e.g. a ther-
mal background is a more delicate and technical subject
which has not been fully developed yet [63–65]. In con-
text of low-temperature transport, many previous works
[4, 5, 36, 66] thus employed a series expansion with re-
spect to the bare vacuum, with the reasoning that the
spectral gap renders a summation over multi-particle
excitations quickly convergent. Based on this, it has
been further advocated that the ground-state dynami-
cal structure factor experiences a small thermal broad-
ening at finite T , which for T  m matches the dif-
fusive (Lorentzian) peak predicted by the semi-classical
approach. Strictly speaking, however, such a dilute gas
picture only adequately describes physics at zero temper-
ature. The computation of equilibrium correlation func-
tions instead necessitates an expansion based on dressed
(instead of bare) form factors of local densities, and these
are given by matrix elements of particle-hole excitations
on top of a finite-density thermal background [33, 67–70].
Considering the longitudinal magnetization component
sˆz, the matrix element between a thermal state |%ˆT,h〉
and an excited state with a single particle-hole excita-
tion of ‘type s’, with momenta ∆ks = ks(θ
+
s ) − ks(θ−s ),
reads
〈%ˆT,h| sˆzx |%ˆT,h; θ+s , θ−s 〉 = eix∆ksmdrs +O(∆ks). (8)
Here the quantity mdrs denotes the renormalised (dressed)
value of magnetization of a quasi-particle of type s im-
mersed in a finite-density thermal background, can be
radically different from the bare value mbares = s. This
effect is particularly pronounced in the vicinity of half-
filled thermal equilibria, where the effective magnetiza-
tion exhibits a crossover from paramagnetic mdrs ∼ s2 h
(s |h|−1) to bare mdrs ∼ s (s |h|−1) regime. We note
that the vanishing of the spin Drude weight as h→ 0 can
be seen as a consequence of the paramagnetic behaviour
of the dressed form factors (8), which are key building
blocks in the approach of [33].
Furthermore, we wish to point out that non-
perturbative effects attributed to the quasi-particle dress-
ing also have a profound influence on the NMR spin
relaxation rate 1/T1 [71–75]. Motivated by the pre-
ceding studies, see e.g. [4, 72], we here specialize to
the experimentally relevant regime h  T  m, dis-
regarding for simplicity possible effects of the single-
ion anisotropy or inter-chain couplings. The zero-
momentum contribution to the low-temperature depen-
dence of the intra-band relaxation rate T−11 of the lon-
gitudinal spin component is expressible in therms of the
dressed form factors (8) as T−11 = 2|Axz|2
∑
s
∫
dps(θ)[1−
ns(θ)]ns(θ)rs(θ), where A
xz denotes the hyperfine cou-
plings and rs(θ) = (m
dr
s )
2/(
√
ε′′s (0)
√
ε′′s (0)θ2 + ωN ) with
the NMR frequency ωN = h (in units µN = 1). By tak-
ing the h→ 0 limit after first performing the summation
over the entire quasi-particle spectrum s > 0, we find
1
T1
∼ e−(3/2)m/T |h|−1/2. (9)
This scaling plays nicely with the experimental study on
the S = 1 compound [76] and, somewhat surprisingly, is
in qualitative agreement with the semi-classical results
T−11 ∼ Tχh|Dclh|−1/2 found in [6, 7]. The key difference
however is that within our method the activation rate
(3/2)m/T comes from the contributions of the internal
magnonic degrees of freedom. In contrast, the previous
calculation from [72] based on the free spinfull bosons and
the bare form-factor expansion carried out in [4] yields
the incorrect behaviour T−11 ∼ e−m/T log h.
KPZ universality. The unexpected divergent spin
conductivity, observed in both the SU(2) symmetric spin
chains and the O(3) NLSM, is rooted in anomalous prop-
erties of thermally dressed quasi-particles which carry
large bare spin s (see also [34]). Recalling that the spin
diffusion constant (3) is an infinite sum over individual
quasi-particle contributions, one can readily notice that
for the isotropic inter-spin interactions the summand sat-
urates at large s, lims→∞Ds = D∞ > 0, thus rendering
the spin diffusion constant infinite. Furthermore, thermal
fluctuations of the local spin δ〈sˆzx〉 = 〈sˆzx〉 − 〈sˆz〉T,h can
be directly linked to fluctuations of ‘giant quasi-particles’
via [47] δ〈sˆz〉 = Tχh(T, h) lims→∞[δns/(s ns(ns − 1))],
with δns denoting local fluctuations of the Fermi oc-
cupation functions. Saturation at a finite asymptotic
value D∞ may be correspondingly be interpreted as
a self-interacting term in the dynamics of fluctuations
δ〈sˆz〉, in analogy to the Burger’s equation ∂tδ〈sˆzx(t)〉 =
∂x[Dreg∂xδ〈sˆzx(t)〉 + λ(δ〈sˆzx(t)〉)2 + . . .]; here Dreg < ∞
is the ‘regularised’ diffusion constant which accounts for
the finite contributions of ‘light’ quasi-particles and λ =
λ(D∞) is the nonlinearity (self-interaction) coefficient
such that limD∞→0 λ(D∞) = 0. This provides a phe-
nomenological model which underlies the KPZ universal-
ity class with dynamical exponent z = 3/2 [34, 77], i.e.
〈sˆzx(t)sˆz0〉T,h=0 ∼ t−1/z, consistently with the observed
divergent time-dependent conductivity σ(t) ∼ t1/3, see
Fig. 1 and in agreement to what observed in the inte-
grable spin-1/2 Heisenberg chain [40].
Conclusions. We have outlined a theoretical frame-
work for studying low-temperature spin dynamics in
gapped and gapless one-dimensional isotropic antiferro-
magnets based on the effective low-energy quantum field
theory. In the vicinity of half-filling, we found a crossover
5from the semi-classical regime h/T  1 to the strongly-
correlated regime h/T  1. In the h → 0 limit, we an-
alytically established a divergent spin diffusion constant
and conjectured a super-diffusive behaviour with fluctu-
ations in the KPZ universality class. The phenomenon
is seen in both half-integer and integer spin chain, which
rules out the importance of the spectral gap. Instead,
the anomalous behaviour can be attributed to the ef-
fective self-interaction of thermally-dressed interacting
magnonic waves. Presently, we exclude the conventional
interpretation based on mode-coupling theory within the
phenomenological framework of the classical non-linear
fluctuating hydrodynamics [77–79] due to the vanishing
diagonal terms of the Hessian in the current derivative
expansion.
Our findings have direct applications in inelastic neu-
tron scattering spectroscopy and quantum transport ex-
periments [76, 80–83], while they also open new venues
for further theoretical research on the microscopic mecha-
nisms which underlie the observed anomalous spin trans-
port in the isotropic antiferromagnetic chains. Perhaps
the most striking observation is that the phenomenon
remains present even at high temperatures. While this
could be a footprint of the low-lying sigma model physics,
it may as well be due to an emergent classical hydrody-
namical description. For instance, the isotropic classi-
cal Landau-Lifshitz field theory is also known to exhibit
super-diffusive spin transport both in equilibrium [84]
and far from equilibrium [85]. We leave these exciting
questions to future studies.
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I. EXACT EXPRESSIONS FOR SPIN DRUDE WEIGHT AND SPIN DIFFUSION CONSTANT IN
INTEGRABLE MODELS
Let Hˆ denote a Hamiltonian of an antiferromagnetic spin chain with the conserved total magnetization Sˆz =
∑
x sˆ
z
x
and local spin current jˆx. We shall be interested exclusively in the transport of spin (local magnetization) in grand-
canonical Gibbs equilibrium states at finite temperature T and filling (external magnetic field) h, specializing to low
temperatures and the vicinity of half filling h ∼ 0.
We begin by introducing the relevant linear transport coefficients, namely
• the spin Drude weight,
D(T, h) = lim
t→∞
∑
x
〈jˆx(t)j0(0)〉T,h, (10)
• the Drude self-weight (zero-frequency noise),
Dself(T, h) = 2
∫ ∞
0
dt〈jˆ0(t)jˆ0(0)〉T,h, (11)
• the spin diffusion constant,
D(T, h) =
1
Tχh(T, h)
∫ ∞
0
dt
(∑
x
〈jˆx(t)jˆ0(0)〉T,h −D(T, h)
)
. (12)
8where χh is the spin susceptibility. In integrable system, the above quantities can be exactly expressed in terms of
the following hydrodynamic mode resolutions
D(T, h) =
∑
s
∫
dθDs(θ), Dself(T, h) =
∑
s
∫
dθDselfs (θ), D(T, h) =
1
2
∑
s
∫
dθDs(θ) +O(h2), (13)
with kernels
Ds(θ) = χs(θ)
(
veffs (θ)m
dr
s
)2
, (14)
Dselfs (θ) = χs(θ)|veffs (θ)|(mdrs )2, (15)
Ds(θ) = χs(θ)|veffs (θ)| (Ws(θ))2 , (16)
derived in refs. [28, 86], [28], and [31, 33], respectively. In the above formulae, integer label s enumerates distinct
quasi-particle species in the spectrum with (bare) momenta ks = ks(θ), static susceptibility χs(θ) ≡ ρs(θ)(1− ns(θ))
, where ρs(θ) are quasi-particle rapidity distributions in an equilibrium state characterised by (Fermi) occupation
functions ns(θ). The physical meaning of Ws(θ) will be explain in a moment.
The many-body scattering of quasi-particles is, due to integrability, fully encoded in a symmetric two-body scattering
kernel
Ks,s′(θ, θ
′) =
1
2pii
∂θ logSs,s′(θ, θ
′), (17)
where Ss,s′(θ, θ
′) are the amplitudes of the scattering matrix. The group velocities of propagation are given by the
effective dispersion relations
veffs (θ) =
∂θεs(θ)
∂θps(θ)
, (18)
where εs(θ) and ps(θ) are dressed energies and momenta of interacting of quasi-particles with respect to a finite
density equilibrium state. By employing a compact vector notation (see a remark on notation in [87]), the dressed
energies, momenta and spin are computed as
ε′ = (1 +Kn)−1e′ (19)
p′ = (1 +Kn)−1k′ (20)
mdr = (1 +Kn)−1mbare, (21)
respectively, with es(θ), ks(θ) and m
bare
s being the corresponding single particle (bare) quantities associated to the
quasi-particle of type s. The dressed Fredholm operator,
(1 +K n) ≡ δs,s′δ(θ − θ′) +Ks,s′(θ, θ′)ns′(θ′), (22)
is a linear integral operator which acts on both variables θ and s. We note that label s usually pertains to the number
of constituent quasi-particle within a bound state, typically mbares = s. The dressed momentum also specifies the
total density of states, 2piρtots = p
′
s, along with the hole densities, ρ¯s = ρ
tot
s − ρs. These are, unlike in non-interacting
systems, non-trivial rapidity-dependent functions. Finally, functions
Ws = lim
s′→∞
Kdrs,s′(θ, θ
′)
ρtots′ (θ
′)
, (23)
represent renormalised (i.e. dressed) two-body scattering phase shifts, Kdr = (1 +Kn)−1K in the limit of large bare
spin/charge. In the above formula, the large-s limit indicates a correspondence between the ‘giant quasi-particles’
carrying bare spin s and fluctuations of magnetization close to half filling, see Sec. V.
The quantity (23) is difficult to handle analytically or even to compute numerically for a generic equilibrium state.
We here first make a remarkable observation that, in the h→ 0 limit, the above exact expression for the spin diffusion
constant is nothing but the curvature of the Drude self-weight
D(T, 0) =
∂2Dself(T, ν)
∂ν2
∣∣∣
ν=0
, ν ≡ 4T 〈Sz〉T,h. (24)
9This is established on the basis of the following exact identity,
Ws
∣∣∣
h=0
≡ lim
s′→∞
Kdrs,s′(θ, θ
′)
ρtots′ (θ
′)
∣∣∣
h=0
=
1
2Tχh(T, 0)
lim
h→0
mdrs (T, h)
h
, χh(T, h) = −∂2hf(T, h), (25)
where we have introduced ν = 4Tχh(T, 0)h +O(h2). For our convenience and future referencing, we call it here the
“magic formula”. With aid of this identification we are able to recast the original quantity (23) in a simpler and more
suggestive form involving the dressed magnetisation mdrs , yielding an expression for the spin diffusion constant which
is easier to deal with. This relation already indirectly appears in ref. [34] in the Heisenberg XXZ chain at infinite
temperature. Here we are able to prove it analytically in the high-temperature limit for a wide class of integrable
spin chain. The derivation is presented in Sec. VI. Additionally, by solving for mdrs and T
dr
s,s′ , we have verified it
numerically at finite temperatures, see Fig. 2.
II. NESTED BETHE ANSATZ FOR THE O(3) NONLINEAR SIGMA MODEL
The quantum O(3) nonlinear sigma model (NLSM) is a relativistic QFT for a non-abelian vector field nˆ =
(nˆx, nˆy, nˆz) constrained on a unit sphere (nˆ · nˆ = 1), described by the Euclidean action
A0[nˆ] = 1
2g
∫
dxdt
(
(∂tnˆ)
2 − (∂xnˆ)2
)
. (26)
The action can be extended by including the topological Θ-term,
AΘ[nˆ] = A0[nˆ] + i Θ
4pi
∫
dx dt nˆ · ∂tnˆ× ∂xnˆ. (27)
In the following, we are interested in describing the low-energy limit of the SU(2)-symmetric antiferromagnetic
spin-S chains. The topological angle Θ = 2pi S is an integer multiple of pi and crucially depends on whether S if
an integer or half-integer. While in both cases the low-energy effective field theory is described by an integrable
relativistic quantum sigma model, only in the former case the elementary spectrum is gapped. The non-trivial
topological term Θ = pi prevents dynamical mass generation and yields massless excitations.
The quantum sigma model is the continuum low-energy theory of non-integrable large-S Heisenberg spin chains
Hˆ = J
∑
i
sˆi · sˆi+1, (28)
with antiferromagnetic exchange coupling J > 0, normalization sˆ · sˆ = S(S + 1), and unit lattice spacing. In the
continuum limit, the staggered and ferromagnetic fluctuations are represented by two smooth fields,
sˆi ≈ S(−1)inˆ + mˆ, (29)
where
mˆ =
1
g
nˆ× pˆ, mˆ · nˆ = 0, (30)
generates rotations of the field nˆ, and
p =
1
g
∂tn +
Θ
4pi
n× ∂xn, (31)
is the momentum canonically-conjugate to nˆ. This yields the Hamiltonian
HˆΣ =
v
2
∫
dx
[
g
(
mˆ +
Θ
4pi
∂xnˆ
)2
+
1
g
(∂xnˆ)
2
]
, (32)
which matches the action A (in dimensionless units where the velocity v = 2JS is set to one). The coupling constant
g is related to spin S via
g = 2/S. (33)
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A. O(3) NLSM without topological term
The equation of motion is the conservation law for the Lorentz two-current,
∂µjˆµ = 0, (34)
with components
jˆµ = g
−1nˆ× ∂µnˆ, µ = x, t. (35)
implying the conserved Noether charges
mˆ =
∫
dx jˆt(x, t). (36)
The elementary excitations of the O(3) NLSM form a spin-triplet of massive bosons with relativistic dispersion
relation
e(k) =
√
k2 + m2, (37)
where m denotes the non-perturbatively generated mass (spectral gap) related to the bare coupling constant g via
m ∼ J e−2pi/g. We employ the usual rapidity parametrization in terms of variable θ
k(θ) = m sinh (θ), e(θ) = m cosh (θ), (38)
in the absence of an external applied field.
Exact S-matrix. The creation/annihilation operators for the elementary excitations in the O(3) NLSM constitute
the (associative, non-commutative) Faddeev–Zamolodchikov algebra
Za(θ1)Zb(θ2) = Sa′b′ab (θ1 − θ2)Zb′(θ2)Za′(θ1), (39)
Z†a(θ1)Z
†
b (θ2) = Sa
′b′
ab (θ1 − θ2)Z†b′(θ2)Z†a′(θ1), (40)
Za(θ1)Z
†
b (θ2) = 2piδabδ(θ1 − θ2) + Sb
′,a
b,a′ (θ1 − θ2)Z†b′(θ2)Za′(θ1), (41)
where a, b ∈ {x, y, z} are isospin quantum numbers assigned to the O(3) tripet of Bose fields. The Fock space vacuum
|0〉 is a state with the property Za(θ) |0〉 = 0. The n-particle scattering states are constructed in the standard manner
|θn, . . . , θ2, θ1〉 = Z†an(θn) · · ·Z†a2(θ2)Z†a1(θ1) |0〉 . (42)
The two-body scattering matrix of the O(3) NLSM has the following structure
Scdab(θ) = δabδcd σ1(θ) + δacδbd σ2(θ) + δadδbc σ3(θ), (43)
where θ designates rapidity difference of the incident particles, and
σ1(θ) =
2piiθ
(θ + ipi)(θ − 2ipi) , σ2(θ) =
θ(θ − ipi)
(θ + ipi)(θ − 2ipi) , σ3(θ) =
2pii(ipi − θ)
(θ + ipi)(θ − 2ipi) . (44)
The non-diagonal multi-particle scattering is completely factorizable and thus fully described by the two-particle
(quantum) scattering S-matrix obeying the celebrated Yang–Baxter relation
Sb1b2c1c2 (θ − θ′)Sc1b3a1c3(θ)Sc2c3a2a3(θ′) = Sb2b3c2c3 (θ′)Sb1c3c1a3(θ)Sc1c2a1a2(θ − θ′). (45)
As a consequence, the model possesses infinitely many local conservation laws.
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Thermodynamic Bethe Ansatz
Placing the field theory on space-time worldsheet of a cylinder geometry with circumference L imposes non-trivial
quantization conditions for n particle rapidities {θa}na=1. The main object of the algebraic diagonalization of the
many-body scattering process is the transfer matrix T (λ; {θa}), acting on a 3n-dimensional Hilbert space with matrix
elements
T ba (λ; {θa})j1···jni1···in = Sc1j1ai1 (λ− θ1)Sc2j2c1i2 (λ− θ2) · · · Sbjncn−1in(λ− θn), (46)
where λ is a complex spectral parameter. The periodicity constraint for an n-particle wave-function amplitudes
Ψ({θa}) yields the celebrated Bethe equations(
T (θj ; {θa}) + eip(θj)L
)
Ψ({θa}) = 0. (47)
By virtue of Eq. (45), which implies
T a′′a (θ)T b
′′
b (θ
′)Sa′b′a′′b′′(θ − θ′) = Sa
′′b′′
ab (θ − θ′)T b
′
b′′ (θ
′)T a′a′′ (θ), (48)
the traces T (θ) = ∑a T aa (θ) are in involution for all values of the spectral parameters,
[T (θ), T (θ′)] = 0. (49)
Presently we deal with a non-diagonal scattering theory, referring to non-trivial mixing of internal (spin) degrees
of freedom upon elastic quasi-particle collisions. The scattering can nonetheless be transformed to a diagonal one
at expense of introducing auxiliary magnonic particles, in effect resulting in the so-called nested Bethe equations.
Instead of describing the entire procedure here we refer the reader to e.g. [52].
In the case of the O(3) NLSM, the nested Bethe equations have been originally obtained in [88]. In the sector with
Mθ physical excitations and Mλ auxiliary magnon rapidities, they take the form
eik(θa)L
Mθ∏
b=1
S(θa, θb)
Mλ∏
c=1
S−1(θa, λc) = 1, (50)
Mθ∏
b=1
S−1(λa, θa)
Mλ∏
c=1
S(λa, λc) = −1, (51)
where
S(θ) =
θ − ipi/2
θ + ipi/2
, (52)
is the elementary scattering amplitude which depends on the difference of the incident quasi-particles’ rapidities θ.
Auxiliary magnons. We wish to stress that the so-called auxiliary rapidities λa do not describe physical (i.e.
momentum-carrying) degrees of freedom. Rather, they are the internal spin degrees of freedom in the form of spin
waves (defined with respect to the fully polarised reference state). These can be most easily pictured as fictitious
quasi-particles which propagate in the static reference frame of physical particles. Recall that the latter have been
introduced in order to transform the original non-diagonal scattering theory to a diagonal one.
The magnonic degrees of freedom play a pivotal role and are crucial, in particular, for understanding and explaining
anomalous properties of spin transport. Most importantly, auxiliary rapidities can take complex values which signals
formation of bound states. Fusion properties of the scattering amplitudes imply that in the large-L limit the only
allowed complex rapidities λa are those in the form the ‘k-string compounds’,
λ
(k)i
b =
{
λb +
ipi
2
(k + 1− 2i)
}
, (53)
with index i = 1, 2, . . . , k running over the constituent complex λ-rapidities. Therefore, as far as the spin dynamics is
concerned, the auxiliary bound states (labelled by a real-valued center λb) play a similar role to physical multi-magnon
bound states in the integrable Heisenberg spin chains, except that in the quantum sigma model these propagate in an
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inhomogeneous background of physical excitations. To this end, by appropriately shifting the poles of the elementary
amplitude S, we introduce the elementary fused amplitudes
Sn(θ) =
θ − n ipi/2
θ + n ipi/2
, (54)
with the associated scattering phases
Θn(θ) = −i log (−Sn(θ)) = 2 arctan
(
2θ
npi
)
. (55)
Bethe–Yang equations. We are interested in the finite-density limit of Eqs. (51). This amounts to take the L→∞
limit while keeping ratios Mθ/L and Mλ/L finite. Thermodynamic states are understood as ensembles of locally
indistinguishable microstates. These are referred to as macrostates and are characterised by finite densities of physical
and auxiliary excitations, denoted here by ρ0(θ) and ρs≥1(θ), respectively. Following the standard procedure, namely
taking the logarithmic derivative with respect to rapidity θ and converting the discrete summations over rapidities to
convolution-type integrals, we arrive at the Bethe–Yang equations of the form (suppressing rapidity dependence for
clarity)
ρtot0 =
k′
2pi
+K ? ρ0 −Ks ? ρs, (56)
ρtots = Ks ? ρ0 −Ks,s′ ? ρs′ . (57)
with functions ρtots≥0 denoting the total densities of available states for both the physical and auxiliary quasi-particles.
Here and subsequently we use a compact notation for summations over repeated indices,
Ks ? gs =
∞∑
s=1
∫ ∞
−∞
dθ′Ks(θ − θ′)gs(θ′), Ks,s′ ? gs′ =
∞∑
s′=1
∫ ∞
−∞
dθ′Ks,s′(θ − θ′)gs′(θ′). (58)
The convolution kernels
Ks(θ) = κs−1(θ) + κs+1(θ), (59)
Ks,s′(θ) =
s+s′+2∑
`=|s−s′|
κ`(θ) + κ`+2(θ), (60)
with Ks≥0 ≡ 0, are given in terms of the differential scattering phases
κs(θ) =
1
2pii
∂θΘs(θ) =
2s
s2pi2 + 4θ2
. (61)
Using convention fˆ(k) =
∫∞
−∞ dθe
−ikθf(θ), we have the following Fourier-space representation
κˆs(k) = e
−(pi/2)s|k|. (62)
Quasi-local form. The canonical Bethe–Yang integral equations (57) can be further simplified with aid of the
fusion identities. The second equation in (57) can be presented as a Fredholm-type integral equation
(1 +K)s,s′ ? ρs = Ks ? ρ0 − ρ¯s. (63)
Remarkably, the corresponding resolvent R, defined via matrix equation,
(1−R) · (1 +K) = 1, (64)
admits the following compact representation
Rs,s′ ? gs′ ≡ IA∞s,s′ s ? gs′ . (65)
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Here we have introduced an infinite-dimensional incidence (adjacency) matrix of the A∞ Dynkin diagram,
IA∞s,s′ = δs,s′−1 + δs,s′+1, (66)
where the s-kernel, defined as the solution to κ1 − s ? κ2 = s, reads explicitly
s(θ) =
1
2pi cosh (θ)
. (67)
and has a simple Fourier representation sˆ(k) = (2 cosh (kpi/2))−1. Moreover the convolution with the inverse of the
Fredholm operator (1 +K) has the following important properties(
1− IA∞ s)
s,s′ ? κs′ = κs − s ? (κs−1 + κs+1) = δs,1s, (68)(
1− IA∞ s)
s,s′ ? Ks′ = Ks − s ? (Ks−1 +Ks+1) = δs,2s, (69)(
1− IA∞ s)
s,s′′ ? Ks′′,s′ = I
A∞
s,s′ s, (70)
which are straightforward to prove. Inverting Eqs. (63), we find immediately ρtots = s ? I
A∞
s,s′ ρ¯s′ for s ≥ 1. The
remaining equation for the momentum-carrying particle can be simplified with aid of
Ks ? ρs = K2 ? s ? ρ0 − s ? ρ¯2. (71)
This way, we obtain the following quasi-local form of the Bethe–Yang equations
ρtot0 =
k′
2pi
+ s ? ρ¯2, (72)
ρtots = δs,2s ? ρ0 + s ? I
A∞
s,s′ ρ¯s′ . (73)
Notice that the self-coupling term in the canonical equation for ρtot0 disappears thanks to κ2 − s ? (κ1 + κ3) = 0.
The universal dressing transformation. By identifying the total state densities with the dressed momentum deriva-
tives,
2piρtots = p
′
s, s = 0, 1, 2, . . . , (74)
the Bethe–Yang equation be recast in a more suggestive form
p′0 − s ? n¯2p′2 = k′0, (75)
p′s − s ? IA∞s,s′ − δs,2s ? n0p′0 = 0. (76)
Physically speaking, these linear integral equations describe renormalization of particle’s bare momenta k0 with respect
to an equilibrium macrostate, k′s 7→ p′s = Fdr{ns}(k′s), where the dressing transformation Fdr is a linear functional which
depends on the mode occupation functions
ns(θ) =
ρs(θ)
ρtots (θ)
, s ≥ 0. (77)
Here n¯s(θ) ≡ 1− ns(θ) are interpreted as the occupations functions of hole excitations.
Thermodynamic Bethe Ansatz. In the formalism of the Thermodynamic Bethe Ansatz (TBA), the equilibrium
partition sum is expressed as a functional integral over particle rapidity distributions ρs≥0(θ). Specifically, the
equilibrium free energy density
f [{ρs}] = e[{%s}]− s[%s], (78)
which is a functional of the energy and entropy densities,
e =
∫ ∞
−∞
dθ (m cosh (θ)− h)ρ0(θ), s =
∑
s≥0
∫ ∞
−∞
dθ
(
ρtots log ρ
tot
s − ρs log ρs − ρ¯s log ρ¯s
)
, (79)
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respectively, is minimised by demanding a vanishing variational derivative, δf = 0.
There is no need of performing an explicit derivation. One can simply resort to universality of the dressing equation,
which is a neat way to formulate the TBA equations once the dressing equations for the bare momenta (that is the
Bethe–Yang equations) are known. The free-energy minimization is essentially nothing but the energy counterpart of
the momentum dressing, namely ε′s 7→ Fdr{ns}(e′s), reading
ε′0 − s ? n¯2ε′2 = e′0, (80)
ε′s − s ? IA∞s,s′ n¯s′ε′s′ = 0. (81)
By introducing the the TBA Y -functions,
Ys(θ) =
ρ¯s(θ)
ρs(θ)
, s ≥ 0, (82)
and identifying them with the dressed energies εs via log Ys = βεs, we readily obtain the quasi-local form of the TBA
equations
log Y0 = β e− s ? log(1 + Y2), (83)
log Ys = δs,2 s ? log(1 + 1/Y0) + s ? Is,s′ log(1 + Ys′), (84)
where we have used
∂θ log(1 + Ys) = n¯sεs, ∂θ log(1 + 1/Ys) = −nsεs. (85)
With the additional particle-hole transformation on the massive node, the latter can be brought into the group-
theoretic form
log Ys = −δs,0β e′ + s ? ID∞s,s′ log(1 + Yb), s ≥ 0, (86)
compatible with the so-called Y -system hierarchy associated to the D∞ Dynkin diagram.
The free energy density is only a functional of energy-carrying Y -function
f = −T
∫ ∞
−∞
dθ
k′(θ)
2pi
log(1 + 1/Y0(θ)). (87)
B. O(3) NLSM with topological term
Now we consider the addition of the topological Θ-term in the O(3) NLSM action. This now gives a SU(2)-
symmetric massless relativistic quantum field theory of with completely factorizable non-diagonal scattering [52]. We
use subscripts ± to denote the internal quantum label of the SU(2) doublet, with + designating the ‘right movers’
(k > 0) and − the ‘left movers’ (k < 0). Their bare dispersion relations are
e±(θ) = ±k(θ) = Λ
2
e±θ, −∞ < θ <∞. (88)
Here Λ ∼ e−2pi/g sets the cut-off scale at which the asymptotically free UV behavior changes into the scale-invariant
IR regime. The scattering relations are provided by the following Faddeev–Zamolodchikov algebra [52]
Ra(θ1)Rb(θ2) = Sa′b′ab (θ1 − θ2)Rb(θ2)Ra′(θ1), (89)
La(θ1)Lb(θ2) = Sa′b′ab (θ1 − θ2)Lb(θ2)La′(θ1), (90)
Ra(θ1)La¯(θ2) = Ubb¯aa¯(θ1 − θ2)Lb¯(θ2)Rb(θ1), (91)
with scattering amplitudes of the form
Sa′b′ab (θ) =
S(pi)(θ)
θ − ipi (θδa,a′δb,b′ − ipiδa,b′δb,a′) , (92)
Ubb¯aa¯(θ) =
iS(pi)(θ)
θ − ipi
(
θδa,bδa¯,b¯ − ipiδa,b¯δa¯,b
)
. (93)
15
The scattering phase shift of the model at Θ = pi, denoted by S(pi)(θ), has the following useful integral representation
log
(
−S(pi)(θ)
)
=
∫ ∞
0
dk
e−pik/2
2 cosh (pik/2)
sin (θk)
k
. (94)
Note that in the UV regime, θ2 − θ1 →∞, the left-right scattering trivializes, and the scattering process becomes
indistinguishable from that of the trivial topologically angle Θ = 0.
Bethe, Bethe–Yang and TBA equations. In the periodic box of size L, the quasi-particle rapidities {θα}Nα=1 are
subjected to the Bethe quantization constraints
eip(θα)L
Mλ∏
β=1
θα − λβ + ipi/2
θα − λβ − ipi/2
Mθ∏
γ=1
S(pi)(θα − θγ) = 1. (95)
As usual, here {θα} denote a set of physical rapidities which parametrise momenta of the right and left movers, while
λβ pertain to auxiliary magnons which diagonalise the SU(2)-invariant scattering.
In the thermodynamic limit L→∞ (keeping ratios Mθ/L and Mλ/L finite), one arrives at the following equations
for the physical and auxiliary quasi-particle densities ρ± and ρs≥1,
ρtot± = L
k′±
2pi
+K ? ρ± −Ks ? ρs, (96)
ρtots = Ks ? (ρ+ + ρ−) +Ks,s′ ? ρs′ . (97)
Here k′±(θ) = (Λ/2)e
θ are rapidity derivatives of bare momenta of physical excitations, the convolution kernels Ks
are given by (59), and
K(θ) = 1
2pii
∂θ logS(pi)(θ) = 1
pi
(s ? K1)(θ). (98)
The equivalent quasi-local form yields
ρtot± =
L
2pi
Λ
2
e±θ + s ? ρ¯1, (99)
ρtots = δs,1s ? (ρ+ + ρ−) + s ? I
A∞
s,s′ ρ¯s′ . (100)
The TBA equations for the thermodynamic free energy in a finite volume L = 1/T take the form
log Y± = L
Λ
2
e±θ + s ? log(1 + Y1), (101)
log Ys = δs,1s ? log(1 + Y+)(1 + Y−) + s ? IA∞s,s′ log(1 + Ys′). (102)
III. LOW-TEMPERATURE EXPANSION OF THE SPIN DIFFUSION CONSTANT OF THE SPIN-1/2
XXZ CHAIN AND O(3) SIGMA MODEL
A. Heisenberg XXZ chain
We consider the Heisenberg spin-1/2 XXZ chain,
Hˆ =
∑
x
sˆxxsˆ
x
x+1 + sˆ
y
xsˆ
y
x+1 + ∆ sˆ
z
xsˆ
z
x+1, (103)
in the gapped phase |∆| = cosh η > 1. The TBA equations for the grand-canonical Gibbs equilibrium are of the form
log Ys = −T−1s(η)δs,1 + s ? IA∞s,s′ log(1 + Ys′), lims→∞ s
−1 log Ys = h/T, (104)
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where
s(θ) =
1
2pi
∑
k∈Z
e2ikθ
cosh (kη)
, s(η)(θ) ≡ pi sinh (η) s(θ), (105)
are the usual and the deformed s-kernels, respectively.
Below we carry out the low-temperature expansion of the TBA quantities, as previously done in e.g. [89, 90]. For
the subsequent analysis it is important to assume h/T  1. In this regime, in the T → 0 limit we have the following
behaviour
Y1(θ) = e
−s(η)(θ)/T sinh(h/T )
sinh(h/2T )
× (1 +O(e−h/T )), (106)
Ys>1(θ) =
(
sinh2(s h/2T )
sinh2(h/2T )
− 1
)
× (1 +O(e−h/T )), (107)
from where we obtain
ρtot1 = s, ρ
tot
s>1(θ) = Ks+1 ? (sY1), (108)
for the state densities and
veff1 = −
sinh (η)
2
s′
s
, veffs>1 = −
sinh (η)
2
Ks+1 ? (s
′Y1)
Ks+1 ? (sY1)
, (109)
for the dressed velocities, up to subleading corrections which are of the order O(e−h/T ). The low-temperature limit
of the Gibbs thermodynamic free energy, f = −T ∫ pi/2−pi/2 dθ s(θ) log(1 + Y1(θ)), yields
f = −T
∫ pi/2
−pi/2
dθ s(θ)Y1(θ)e
−s(η)(θ)/T sinh(h/T )
sinh(h/2T )
× (1 +O(e−h/T )). (110)
In the limit T → 0, the latter can evaluated with the saddle point technique. The spectral gap m is given by
m = s(η)(±pi/2). (111)
The dressed dispersion relation for the unbound magnons (1-strings), expanded around points θ = ±pi/2, reads
ε1(θ) = m +
(θ ± pi/2)2
2
∂2θε1(θ)
∣∣∣
θ=±pi/2
+ . . . , (112)
with curvature
∂2θε1(θ)
∣∣∣
θ=±pi/2
= ∂2θs
(η)(θ)
∣∣∣
θ=±pi/2
= pi sinh (η) s′′(pi/2). (113)
By approximating the dispersion relation in the vicinity of the spectral gap, we find the following low-temperature
behavior of the free energy,
f(T, h) = −T s(pi/2)e−m/T
√
2pi T√
∂2θε1(θ)
∣∣
θ=±pi/2
sinh(h/T )
sinh(h/2T )
× (1 +O(e−m/T )). (114)
In a similar manner, we obtain the following low-T limit of the static spin susceptibility
χh(T, h) = −∂
2f(T, h)
∂h2
=
s(pi/2)
2
√
2pi
T∂2θε1(θ)
∣∣
θ=±pi/2
e−(m−h/2)/T
(
1 +O(e−m/T )). (115)
We proceed by expressing the spin diffusion D(T, h) in the vicinity of the half filled state h ∼ 0, expressed the
curvature of the spin Drude self-weight. To this end, we employ the exact hydrodynamic mode decomposition
D =
1
8(Tχh(T, h))
2
∑
s≥1
∫ pi/2
−pi/2
dθ ρtots (θ)ns(θ)(1− ns(θ))|veffs (θ)|
(
lim
h→0
lim
T→0
mdrs (T, h)
h
+O(h2)
)2
. (116)
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In the limit T → 0 limit, we found the following dressed value of magnetization
lim
T→0
lim
h→0
mdr1 (T, h)
h
=
1
2
, lim
T→0
lim
h→0
mdrs>1(T, h)
h
=
s2
3
. (117)
Moreover, at low temperatures we have the following total state densities,
ρtot1 (θ) ∼ O(1), ρtots>1(θ) ∼ O(
√
Te−m/T ), (118)
and mode occupation functions
n1(θ)(1− n1(θ)) ∼ e−m/T , ns>1(θ)(1− ns>1(θ)) ∼ e−(s−1)h/T . (119)
The above relations imply that the bound-state contributions pertaining to quasi-particles with s > 1 get exponentially
suppressed as ∼ e−s h/T . The leading contribution thus comes from the unbound magnons (s = 1) and reads
DXXZ =
1
8(Tχh(T, h))2
1
4
∫ pi/2
−pi/2
dθ s(θ)Y1(θ)|veff1 (θ)| ×
(
1 +O(e−h/T )). (120)
All the higher contributions coming from the magnonic bound states (s > 1) are contained in the correction term.
It is important to stress at this point that in the gapped in the XXZ chain, the summation over s > 1 converges for
any value of h. This is a corollary of an exponential suppression of the dressed velocities
∫
dθ|veffs | ∼ e−s η for large s.
In stark contrast, in the the isotropic (XXX), where
∫
dθ|veffs | ∼ 1/s, the sum only converges strictly away from half
filling, whereas exactly at h = 0 the higher-order contributions due to the spectrum of bound states can no longer be
discarded.
Let us further analyse the dominant contribution which comes from s = 1. The saddle points of Y1(θ) are located
at θ = ±pi/2 where the effective velocity vanishes. From the saddle-point analysis we deduce∫ pi/2
−pi/2
dθ s(θ)|veff1 (θ)|e−s
(η)(θ)/T sinh(h/T )
sinh(h/2T )
=
sinh(h/T )
sinh(h/2T )
2T s(pi/2)e−m/T
∂2θε1(θ)
∣∣
θ=±pi/2
|∂θveff1 (θ)|θ=pi/2 ×
(
1 +O(e−m/T )), (121)
and the spin diffusion constant can be expressed as
DXXZ =
1
4
sinh(h/T )
sinh(h/2T )
|∂θveff1 (θ)|θ=pi/2
2pis(pi/2)
e(m−h)/T × (1 +O(e−m/T )). (122)
The corrections of the order O(e−h/T ) are here due to the bound states (s > 1), while the corrections of the order
O(e−m/T ) are a consequence of the saddle-point approximation of the rapidity integration in Eqs. (110) and (121).
Notice moreover that
∂2kε1(k)
∣∣∣
k=0
= ∂kv
eff
1 (k)
∣∣∣
k=0
, (123)
where
∂θv
eff
1
2piρtot1
= ∂kv
eff(k). (124)
Finally, in the gapped phase of the XXZ spin-1/2 chain, the leading low-T and low-h behaviour of the spin diffusion
constant, neglecting terms O(e−h/T ), is given by
DXXZ =
1
2
∂2kε1(k)
∣∣∣
k=0
em/T
(
1 +O(e−m/T )
)
≡ Dcl, (125)
with
∂2kε1(k)
∣∣∣
k=0
=
∣∣∣ sinh (η)s′′(θ)
4pis(θ)2
∣∣∣
θ=pi/2
. (126)
18
B. O(3) NLSM
Now we come to the non-topological (Θ = 0) O(3) NLSM, cf. Eqs. (83), and analyze the low-temperature regime.
Assuming first h/T  1 and T  m, and expanding the magnonic Y -functions (see also [4]),
Ys≥1 =
(
sinh2(h(s+ 1)/2T )
sinh2(h/2T )
− 1
)
× (1 +O(e−h/T )), (127)
we obtain
Y0(θ)
−1 = e− e(θ)/T
(
sinh(3h/2T )
sinh(h/2T )
)
× (1 +O(e−h/T )). (128)
The dressed magnetization behaves as
lim
T→0
lim
h→0
mdr0 (h)
h
=
4
3
, lim
T→0
lim
h→0
mdrs≥1(h)
h
=
1
3
(s+ 1)2. (129)
and implies vanishing spin Drude weight at half filling. The static spin susceptibility,
χh(T, h) = −∂2hf(h) =
√
2m
Tpi
e−(m−h)/T × (1 +O(e−m/T ) +O(e−h/T )), (130)
follows from the free-energy density f(T, h) = −T ∫∞−∞ dθ k′(θ)2pi log(1 + 1/Y0(θ)).
In precise analogy with the above calculation in the gapped Heisenberg spin chain, by neglecting the contribution
of order O(e−h/T ), the spin diffusion constant comes solely from the physical excitations (s = 0),
D0 =
1
m
(
sinh(h/2T )
sinh(3h/2T )
)
em/T
(
1 +O(e−m/T )
)
≡ Dcl, (131)
where we used that curvature of the dispersion relation is now given by
∂2kε0(k)
∣∣∣
k=0
=
∣∣∣ e′′(θ)
(k′(θ)2)
∣∣∣
θ=0
=
1
m
. (132)
We wish to stress once again that the corrections O(e−h/T ) due to magnonic degrees of freedom (s > 0) are only
negligible provided h/T  1. Analogously to the XXX chain, in the half filling limit h→ 0 they yield a ∼ 1/h type
of divergence of D.
The spin Drude weight is given by
DΣ =
∑
s
∫
dθ ρ(θ)(1− n(θ))(veffs (θ)mdrs )2, (133)
and, analogously to the XXX spin 1/2 chain, it goes to zero at small h as h2 log h, due to mdrs ∼ h. By following the
previous reasoning and including only the contribution from the s = 0 quasi-particle, we obtain
DΣ/T = 8m
3
(
h2 +O(h4)
)√2T
pi
e−m/T × (1 +O(e−h/T ) +O(e−m/T )). (134)
IV. DIVERGENCE OF SPIN DIFFUSION CONSTANT AT THE ISOTROPIC POINT
We now specialise to the case of isotropic interactions, namely the spin-1/2 XXX chain with ∆ = 1. In approaching
the half filling h → 0, we show that the spin diffusion constant D diverges when as h−1. In order to show this is
sufficient to analyse the asymptotic behaviour at large s of the summand in (116). We have
D ' 1
8(Tχh(T, h))2
∑
s≥1
∫
dθ ρtots (θ)ns(θ)(1− ns(θ))|veffs (θ)|
(
s2 +O(s))2 . (135)
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Since ns ∼ e−sh/T , the sum is convergent for non-zero h. However, the h → 0 limit is rather subtle and eventually
yields a divergent D. This type of anomaly can be attributed to the large-s behaviour of the integrand which reveals
that contributions in the limit of infinitely long strings saturates with increasing the bare spin s. The sum (137) is
a clear signature of non-perturbative physics in the vicinity of half filling: the sum over quasi-particle spices s must
be evaluated before taking the limit h → 0. Using the asymptotic form of the occupation functions for large s and
h > 0,
ns(θ) '
(
sinh (h/(2T ))
sinh (s h/(2T ))
)2
, (136)
one can readily extract the type of divergence as h ∼ 0,
D ' 1
(Tχh(T, 0))2
sinh2
(
h
2T
)∑
s≥1
s4e−sh/T
∫
dθ |εdrs (θ)|
∼ 1
(Tχh(T, 0))2
sinh2
(
h
2T
)
tanh
(
h
2T
)∑
s≥1
s3e−sh/T ∼ 1
(Tχh(T, 0))2
T
h
. (137)
We have used ∫
dθ |εdrs (θ)| = tanh
(
h
2T
)
1
s
+O(s−2). (138)
which is valid only at the isotropic point ∆ = 1. Since the spin susceptibility at the isotropic point and at h = 0 is
χh(T, 0) ∼ T−1/2, we immediately have that at h ∼ 0
D(T, h)χh(T, h) ∼ κ(T )
h
+O(h0). (139)
with κ(T ) ∼ (Tχh)−1 ' T−1/2 at low T but in general κ(T ) > 0 for any T , implying super-diffusive spin transport
at any temperature. An analogous result can be found with a similar calculation in the O(3) non-linear sigma model
since the structure of the dressing equations for its thermodynamic quantities are analogous.
V. SPIN FLUCTUATIONS FROM GIANT MAGNONS
Here we explain why fluctuations of the Fermi functions δns pertaining to quasi-particle in the limit of infinitely
large bare spin s are directly connected to fluctuations of the local magnetization δ〈szx〉 = 〈szx〉−〈sz〉T,h=0 with respect
to a half-filled thermal state. First, recall that the occupation functions ns(θ) are linked to the TBA Ys(θ) functions
via
ns(θ) =
1
1 + Ys(θ)
. (140)
Information about the filling is contained in the large-s asymptotics, namely
h/T = lim
s→∞
log Ys
s
. (141)
Combining the two, we find close to half filling
〈sz〉 = T χh(T, h) h
T
+O(h2) = T χh(T, h) lim
s→∞
log(Ys)
s
+O(h2). (142)
Considering small fluctuations of local magnetization in the vicinity of a half-filled state, δ〈sz〉 = T χhδ(h/T ), we
deduce
δ〈sz〉 = T χh(T, h) lim
s→∞ δ(log Ys/s) = T χh(T, h)δn∞. (143)
where
δn∞ ≡ lim
s→∞
1
s
δns
ns(ns − 1) , (144)
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pertain to fluctuations of ‘giant magnons’. As a concrete example of this principle we mention the spin diffusion in
the XXZ spin-1/2 chain, where δn∞(x, t) satisfies the equation of motion
∂tδn∞(x, t) = w˜∞∂2xδn∞(x, t). (145)
Here the coefficient w˜∞ corresponds to the variance of the fluctuations of the giant magnons and it is precisely the
spin diffusion constant at half filling, w˜∞ = D, see Eq. (6.38) in [33].
VI. SPIN DIFFUSION CONSTANT AND “THE MAGIC FORMULA”
We begin by the exact hydrodynamic formula for the spin diffusion constant valid in the vicinity of the half-filled
thermal state,
D(T, h) =
1
2
∑
s
∫
dθ ρs(θ)(1− ns(θ))|veffs (θ)|[Ws]2 +O(h2), (146)
obtained in [33] via the thermodynamic form-factor expansion. Here the rapidity-independent weights Ws are related
to the suitably normalised dressed differential scattering phases,
Ws = lim
b→∞
Kdrbs (α, θ)
ρtotb (α)
, (147)
where in the limit of large s it becomes a constant function of θ and α. We subsequently demonstrate that formula
(146) can be rewritten as follows
D(T, h) =
1
8(Tχh(T, 0))2
∑
s
∫
dθ ρs(θ)(1− ns(θ))|vdrs (θ)|
(
lim
h→0
mdrs
h
)2
+O(h2), (148)
where the prefactor,
χh(T, 0) =
∂〈sz〉
∂h
∣∣
h=0
= −∂2hf(T, h)
∣∣∣
h=0
, (149)
is the static spin susceptibility at half filling, see Fig. 2. The formulae (146) and (148) can be identified provided
Ws(T ) = 1
2Tχh(T, 0)
×
[
lim
h→0
mdrs (T, h)
h
]
, (150)
holds true at half filling.
In the next section, we establish the above identity in the limit of infinite temperature where the dressing equations
take an algebraic form. We to this for two representative models, (i) the Heisenberg spin-1/2 XXZ chain and (ii) the
integrable SU(3)-symmetric Lai–Sutherland spin chain. Notice that in the T →∞ limit the prefactor simplifies,
χµ(T, 0) = Tχh(T, 0), lim
T→∞
χµ(T, µ = 0) = ∂
2
µ logχ(µ)
∣∣∣
µ=0
=
d2 − 1
12
, (151)
where χ(h) is the fundamental character and d is the dimension of the local Hilbert space. Therefore, writing
µ ≡ h/T , the relation which we shall prove below reads
lim
T→∞
Ws(T )
∣∣∣
h=0
=
6
d2 − 1 ×
[
lim
µ→0
mdrs (µ)
µ
]
+O(µ2). (152)
A. Proof of the magic formula
1. Isotropic Heisenberg chain
The core part of the proof is based on the explicit calculation of the dressed differential scattering phase shifts
Kdrs,s′(θ, θ
′). We consider the large temperature T → ∞ the dressing transformation becomes a coupled system
algebraic equations which can be solved in a closed analytic form.
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FIG. 2. For an XXX spin-1/2 chain, we plot Ws/(s + 1)2 obtained from the numerical solution of the dressing equations
for different temperatures and values of s (continuous lines) versus 1
2Tχh(T,0)
×
[
limh→0
mdrs (T,h)
h
]
/(s + 1)2, also obtained by
numerical solving for mdrs and numerically evaluating χh (points). The perfect agreement between the two (up to the precision
of the numerical solutions) confirming the validity of the ‘magic formula’ at general temperature. The same comparison can
be done for the dressed functions in the O(3) non-linear sigma model.
Identities for the scattering amplitudes. Using the fusion identities amongst the scattering amplitudes, the calcu-
lation boils down to computing the dressed momenta of quasi-particle excitations for the entire familyof integrable
SU(2) spin chains with higher-spin local Hilbert spaces. To this end, let the representation label s′ ∈ N denote the
physical spin S = s′/2 degrees of freedom of the spin chain. The bare momenta of physical excitations (i.e. unbound
magnons) are then given by
k
(s′)
1 (θ) = i logSs′(θ), (153)
where we have introduced the single-index ‘magnon-string’ scattering amplitudes
Ss(θ) =
θ − s i/2
θ + s i/2
. (154)
The inter-particle interactions allow for formation of bound states. These correspond to the so-called s-stings com-
pounds, consisting of s magnons each carrying bare spin s′, with bare momenta
k(s
′)
s (θ) = i logSs,s′(θ). (155)
Here the two-particle scattering amplitudes are obtained from fusion,
Ss,s′(θ) = S|s−s′|(θ)Ss+s′(θ)
min(s,s′)−1∏
`=1
S2|s−s′|+2`(θ), (156)
and as usual depend only on the difference of the incident rapidities. Accordingly, we introduce the elementary
scattering kernels,
Ks(θ) =
1
2pii
∂θ logSs(θ), (157)
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whose Fourier representation, defined through fˆ(k) =
∫
R dθf(θ)e
−ikθ, reads
Kˆs(k) = e
−|k|s/2. (158)
Similarly, the kernels for the two-body differential scattering phases are given by
Ks,s′(θ) =
1
2pii
∂θ logSs,s′(θ). (159)
It is worthwhile noticing the following two important kernel identities
(1 +K)s,s′ ? Ks′ = δs,1s, (1 +K)s,s′′ ? Ks′′,s′ = I
A∞
s,s′ s. (160)
Moreover, for later purpose it is convenient to define the ‘bare momentum tensor’,
Gs,s′(θ) =
min(s,s′)∑
`=1
K|s−s′|−1+2`(θ), Gs,s′(θ, θ′) = Gs′,s(θ′, θ), (161)
given by
Gs,s′(θ) =
1
2pi
|∂θk(s′)s (θ)|. (162)
Notice that the two-particle scattering phase decompose as
Ks,s′(θ) = Gs−1,s′(θ) +Gs+1,s′(θ) = Gs,s′−1(θ) +Gs,s′+1(θ). (163)
Dressed magnetization. In the infinite temperature limit T → ∞ with the U(1) chemical potential µ ≡ h/T ,
the Fermi occupation function become rapidity independent and only depend on µ. The solution can be compactly
expressed in terms of classical SU(2) characters χs = χs(h) (to not be confused with spin susceptibility χh(T, h)),
n(0)s =
1
χ2s(h)
, n¯(0)s (h) = 1− n(0)s (h). (164)
Introducing the variable z ≡ eµ, the characters of irreducible (s+ 1)-dimensional representation read
χs(µ) =
z−(s+1) − zs+1
z−1 − z . (165)
The dressed magnetization can most easily extracted from the log-derivative of the infinite-temperature Y -functions
Y (0)s (µ) = χ
2
s(µ)− 1, (166)
as
mdrs (µ) = ∂µ log Y
(0)
s (θ;µ), (167)
At half filling, the lattice behave as
mdrs (µ) =
1
3
(s+ 1)2µ+O(µ3). (168)
Dressed momenta. By splitting the dressed scattering kernel into two parts,
Kdrs,s′(θ) = G
dr
s,s′−1(θ) +G
dr
s,s′+1(θ), (169)
we proceed by calculating the the dressed values of the bare energy tensor Gdrs,s′ . Recall that the latter provides the
dressed rapidity derivatives, ∂θp
(s′)
s (θ).
By proceed by analytically solving the dressing equations. To this end, we represent them in the quasi-local form.
In this respect, it is crucial to determined the position of the source node depending on the spin label s′. This can be
inferred by convolving tensor G with the (pseudo)inverse of the Fredholm kernel, that is
(1 +K)
−1
s,s′′ ? Gs′′,s′ =
(
1− IA∞s)
s,s′′ ? Gs′′,s′ = δs,s′s. (170)
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The source term thus resides at the s′-th node. Therefore, to find the dressed momentum tensor Gdr, one has to solve
the following system
(1− IA∞ n¯ s)s,s′′ ? Gdrs′′,s′ = δs,s′s. (171)
By introducing variables F
(s′)
s ≡ Gdrs,s′ and transferring to Fourier space, F (s
′)
s (θ; z) 7→ Fˆ (s
′)
s (k; z), we arrive at the
following three-point inhomogeneous recurrence relation
s−1 · Fˆ (s′)s − IA∞s,s′′ n¯(0)s′′ Fˆ (s
′)
s′′ = δs,s′ , (172)
where n
(0)
s denote the infinite-temperature mode occupation functions and s−1(k) = 2 cosh (k/2). We first obtain the
homogeneous solution to the above recurrence, which is given by
Φˆ(s
′)
s (k; z|C−, C+) =
∑
α=±
χs(z)
χ1(z)
[
eα(s+1)k/2
χs−1(z)
− e
α(s+1)k/2
χs+1(z)
]
Cα(k; z), (173)
for two unknown functions C±(k; z). The particular solution is singled out by imposing appropriate initial and
boundary conditions. To satisfy the large-s asymptotics, lim|θ|→∞ F
(s′)
s (θ) = 0, we put
Fˆ
(s′)
s≥s′ ← Φˆ(s
′)
s (k; z|C, 0), Fˆ (s
′)
s<s′ ← Φˆ(s
′)
s (k; z|A,B), (174)
and write a closed system of equations at the initial node and the two gluing conditions at nodes s′ − 1 and s′. The
solution for the fundamental particles is simply given by
s′ = 1 : C(k; z) = e−k/2. (175)
The general solution for higher representations, namely for s′ ≥ 3, is more unwieldy and reads
A(k; z) =
(1 + z2)
(
ek(z4−2s
′ − 1)− z2(z2s′−1)
)
(ek − 1)(z2(s′+1) − 1) (z2(1 + e2k)− ek(1 + z4))e
−s′k/2, (176)
B(k; z) = −ekA(k; z), (177)
C(k; z) =
(1 + z2)
(
z2(z2s
′ − 1)− z2(z2s′ − 1)e(s′+2)k + (z4+2s′ − 1)(e(s′+1)k − ek)
)
(ek − 1)(z2(s′+1) − 1)(z2(1 + e2k)− ek(1 + z4)) . (178)
We will need s  s′, hence only C(k; z) will be of our interest. The full k-dependent solution Fˆ (s′)s (k; z) is quite
lengthy and we thus suppress it here. Importantly however, since the final solution, after taking the s → ∞ limit
contains no rapidity dependence, it suffices to consider only the k → 0 limit. In particular, one can explicitly verify
that
lim
s→∞
Kˆdrs,s′(k)
ηs,s′
= δ(k), ηs,s′ ≡ 2
3
(s′ + 1)2
s+ 1
s(s+ 2)
, (179)
which implies that in Fourier space the rescaled dressed scattering kernels converge towards a delta function. In the
k → 0 limit, we find a simpler expression
lim
k→0
Fˆ
(s′)
s>s′(k; z) =
(z2(s+1) − 1)(z2(s+1) + 1)
(
s′(z2 − 1)(z2(s′+1) + 1)− 2z2(z2s′ − 1)
)
(z2 − 1)(z2(s′+1) − 1)(z2s − 1)(z4+2s − 1) , (180)
and, using the relation
Kdrs,s′(θ; z) = G
dr
s,s′−1(θ; z) +G
dr
s,s′−1(θ; z) = F
(s′−1)
s (θ; z) + F
(s′+1)
s (θ; z), (181)
we obtain
lim
k→0
Kˆdrs,s′(k; z) =
2(z2(b+1) − 1)(z4(s+1) − 1) (b(z2 − 1)(z2(b+1) + 1)− 2z2(z2b − 1)))
(z2 − 1)(z2b − 1)(z4+2b − 1)(z2s − 1)(z4+2s − 1) . (182)
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Taking furthermore the limit of half filling, µ→ 0 (z → 1), the above result reduces to
lim
z→1
lim
k→0
Kˆdrs,s′(k; z) = ηs,s′ . (183)
In particular, Kˆdrs,s′(k = 0, z = e
µ) decays to zero in both the large-s and small-µ limit:
lim
µ→0
lim
k→0
Kˆdrsb (µ) =
2
3
(s′ + 1)2
1
s
+O(s−2), (184)
lim
s→∞ limk→0
Kˆdrs,s′(µ) =
2
3
(s′ + 1)2µ+O(µ3). (185)
Likewise, for the total state densities ρtots (θ) =
1
2pi |∂θp(s
′=1)
s (θ)|, we find
lim
µ→0
lim
k→0
ρˆtots (k;µ) =
1
s
+O(s−2), lim
s→∞ limk→0
ρˆtots (k;µ) = µ+O(µ3). (186)
2. Integrable SU(N) spin chains
In this section we extend the above computation to a class of model solvable with the nested Bethe Ansatz. We
consider integrable the SU(N)-symmetric spin chains made of fundamental particles. The quasi-particle spectrum
now arranges on vertices of an infinite lattice known as ‘the T-strip’. Since the nodes are in one-to-one correspondence
with rectangular irreducible unitary representations of su(N) Lie algebra we will label them by (a, s), with integers
1 ≤ a ≤ N and s ∈ N. In particular, the row label a runs over different species (flavors) of particles, while the column
label s belongs to bound states with s constituent particles. By convention, the momentum-carrying particles belong
are assigned to the bottom row a = 1.
In the fundamental SU(N) spin chains, the elementary magnon excitations have momenta k1,s(θ) = −i logS1(θ).
All other magnons (a = 2, . . . , N) can be though of as auxiliary particles which carry no momenta and energy,
that is pa>1,s = ea>1,s = 0. Each particle species participate in the formation of bound state (Bethe strings). The
mechanism is analogous to that of the SU(2) chain. The momenta of s-strings read ka,s(θ) = −i δa,1 logS−1s (θ).
Therefore, we have |∂θka,s(θ)/2pi| = δa,1G1,s(θ) = δa,1Ks(θ).
Bethe equations. The Bethe equations for the fundamental SU(N) chain of length L have the nested form
eiδ`,1k(θ
(`)
α )L
M∏`
β 6=α
S2(θ
(`)
α , θ
(`)
β )
N−1∏
r=1;r=`±1
Mr∏
β=1
S−11 (θ
(`)
α , θ
(r)
β ) = 1, ` = 1, . . . , N − 1, (187)
where {θ(`)α }M`α=1 denote (complex) rapidity variables for different quasi-particle species ` = 1, 2, . . . N − 1.
Bethe–Yang equations. In the thermodynamic limit, obtained by taking L→∞ while keeping all filling fractions
M`/L ∼ O(1) finite, Bethe equations (187) can be reformulated as the Bethe–Yang equations for analytic rapidity
densities ρa,s,
ρa,s + ρ¯a,s =
∣∣∣∣k′a,s2pi
∣∣∣∣−K(a,s),(a′,s′)ρa′s′ . (188)
This follows from (187) by (i) taking the logarithmic rapidity derivative, (ii) reducing the product of scattering
amplitudes by using string configurations, and (iii) passing to continuum description by approximating large sum
with convolution-type integrals. Another (equivalent) form of Eqs. (188) is
(1 +K)(a,s),(a′,s′) ? ρa′,s′ =
∣∣∣∣k′a,s2pi
∣∣∣∣− ρ¯a,s. (189)
Kernels K(a,s),(a′,s′)(θ) encode differential scattering phases associated to the scattering even between (a, s)
and (a′, s′) string excitations with rapidity difference θ, where a is the flavour label and s the number of con-
stituent magnons. As can be seen from the structure of the (nested) Bethe equations, the Fredholm kernel (1 + K)
is such that only the neighbouring species interact among each other, namely K(a,s),(a′,s′) is non-zero only if a
′ = a±1.
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Higher representations. Next, we consider a family of spin chains whose local Hilbert spaces belong to the one-row
tableaux with s′ boxes. In analogy to the N = 2 case, we introduce the bare momentum tensor G(a,s),(a′,s′)(θ) ≡
G
(a′,s′)
a,s (θ), which carries all information about the bare momenta k
(a′,s′)
a,s (θ) ≡ k(s
′)
s of elementary magnon excitations
in a spin-s′/2 chain (including their s-magnon bound states, namely
Gs,s′(θ) =
∣∣∣∣∣∂θk(s
′)
s (θ)
2pi
∣∣∣∣∣ . (190)
Dressed magnetization. The rank of su(N) Lie algebra is N−1, which is the number of globally conserved Noether
charges. This means that the whole Cartan sector is parametrised by N−1 distinct chemical potentials. Here we focus
only to a single charge, namely the total magnetization Sztot =
∑
i S
z
i , with local density S
z = diag(S, S− 1, . . . ,−S).
The conjugate chemical potential will be denoted by µ.
The classical characters of rectangular Young tableau are functions of the Cartan elements
G = diag(x1, . . . , xN ) = exp (−µSz), (191)
and can be compactly expressed with help of the Weyl formula
χ(N)a,s (µ) =
Det
(
x
N−j+s+Θs,j
k
)
1≤j,k,≤N
Det
(
xN−jk
)
1≤j,k≤N
, (192)
where Θi,j = 1 if i ≥ j and zero otherwise. In fact, all χ(N)a≥2,s(µ) are uniquely determined by the symmetric functions
χ
(N)
1,s (µ) by virtue of the Giambelli–Jacobi–Trudi formula
χ(N)a,s (µ) = Det
(
χ
(N)
1,s+j−k(µ)
)
1≤j,k,≤a
. (193)
The occupation functions of the grand-canonical Gibbs ensembles at infinite-temperature are encoded in the classical
Y -functions Y
(0)
a,s (µ). The latter are the following non-linear combinations of the su(N) characters,
Y (0)a,s (µ) =
χa,s−1(µ)χa,s+1(µ)
χa−1,s(µ)χa+1,s(µ)
, a ∈ {1, 2}, s ∈ N, (194)
with boundary conditions χa,s ≡ 0 for a ∈ {0, 3}. For example, to extract the dressed magnetization for N = 3, we
set G = diag(e−µ, 1, eµ) and compute
mdra,s(µ) = ∂µ log Y
(0)
a,s (µ). (195)
In the vicinity of a half-filled state, we find
mdra,s(µ) =
1
6
(s+ 1)(s+ 2)µ+O(h3), a ∈ {1, 2}. (196)
Dressed momenta. In the SU(3) case, the dressing equation for the rapidity derivatives of the bare momenta
become (written in Fourier space) a coupled system of recurrence relations for functions {F1,s, F2,s}s≥1,
sˆ−1 · Fˆ1,s − n¯(0)s−1Fˆ1,s−1 − n¯(0)s+1Fˆ1,s+1 − n(0)s−1Fˆ2,s−1 = δs,s′ , (197)
sˆ−1 · Fˆ2,s − n¯(0)s−1Fˆ2,s−1 − n¯(0)s+1Fˆ2,s+1 − n(0)s−1Fˆ1,s−1 = 0. (198)
In the half filled case µ = 0 we consider here, the infinite-temperature occupation functions read
n(0)a,s =
2
(s+ 1)(s+ 2)
. (199)
In Eqs. (198) ,the position of the source node, located at (a, s) = (1, S), is prescribed by the one-row tableau associated
to local physical degrees of freedom in the spin chain.
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By introducing two independent linear combinations
Fˆ±s = Fˆ1,s ± Fˆ2,s, (200)
the system of equation (198) reduces to a one-dimensional recurrence,
sˆ−1 · Fˆ±s − n¯(0)s−1Fˆ±s−1 − n¯(0)s+1Fˆ±s+1 ∓ n(0)s Fˆ±s = δs,1, (201)
which can in turn be solved using a similar strategy as previously in the N = 2 case. Specifically, for the fundamental
representation S = 1, we find
Fˆ±1 (k) = Kˆ1(k)±
1
3
Kˆ1(k)− 1
3
Kˆ3(k)∓ 1
6
Kˆ4(k), Cˆ
±(k) = 2Kˆ1(k), (202)
implying
Fˆ1,s(k) =
1
3s
(
(s+ 2)Kˆs(k)− s Kˆs+2(k)
)
, (203)
Fˆ2,s(k) =
1
3(s+ 3)
(
(s+ 3)Kˆs+1(k)− (s+ 1)Kˆs+3(k)
)
. (204)
Next, we obtain solutions for generic one-row tableaux with S boxes. These can be found with a similar strategy,
except that the source term in Eq. (201) now jumps to the s′-th node. Although it is not difficult to obtain closed-
form expressions, e.g. with assistance with symbolic algebra routines, we unfortunately could not display them in a
sufficiently economic way. Their general structure, valid for S ≥ 3, is however of the form
Fˆ
(s′)
1,s =
s′∑
k=0
c
(1)
s,kKˆs−s′+1+2k, Fˆ
(s′)
2,s =
s′∑
k=0
c
(2)
s,kKˆs−s′+2+2k. (205)
The k → 0 limits are nonetheless rather simple,
lim
k→0
Fˆ
(s′)
1,s (k) =
s′(s′ + 3)(5s+ 3s′ + 12)
30s(s+ 3)
, (206)
lim
k→0
Fˆ
(s′)
2,s (k) =
s′(s′ + 3)(5s− 3s′ + 3)
30s(s+ 3)
, (207)
Moreover, we have the following large-s limits (with s > s′)
Fˆ (s
′)
a,s (0) =
1
6
s′(s′ + 3)
1
s
+O (s−2) , (208)
Fˆ (s
′−1)
a,s (0) + Fˆ
(s′+1)
a,s (0) '
1
3
(
(s′)2 + 3s′ + 1
) 1
s
+O (s−2) , (209)
which do not depend on label a. To complete the proof of the magic formula, the dressed scattering kernels Kdr(a,s),(a′,s′)
are finally expressed in terms of the dressed bare momentum tensor Gdrs,s′ . Specifically,
lim
s→∞ limk→0
Kˆdr(a,s),(a′,s′)(k) = lims→∞ limk→0
[
δa,a′(Gˆ
dr
s,s′−1(k) + Gˆ
dr
s,s′+1(k))− IA2a,a′Gˆdr(k)s,s′
]
, (210)
=
1
6
(s′ + 1)(s′ + 2)
1
s
+O(s−2). (211)
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FIG. 3. Log-Log plot of the spin conductivity for the (non-integrable) spin-1 XXZ chain Hˆ∆ at ∆ = {1, 1.5, 2, 0.5, 0.8} and
T = 10 and h = 0.
VII. ADDITIONAL NUMERICAL DATA
We here report additional numerical data on the time dependent conductivity of the spin current jˆ
σ(t) =
1
T
∫ t
0
dt′
〈
Jˆ(t′)jˆ0(0)
〉
T,h=0
Jˆ =
∑
i
jˆi. (212)
We first examine the restoration of normal diffusion upon explicitly breaking the interaction isotropy. We consider
the uniaxially anisotropic version of the Haldane spin-1 chain, see Fig. 3, namely
Hˆ∆ =
∑
x
sˆxxsˆ
x
x+1 + sˆ
y
xsˆ
y
x+1 + ∆sˆ
z
xsˆ
z
x+1. (213)
The SU(2)-symmetric point ∆ = 1 displays super-diffusion with σ(t) ∼ t1/3 as predicted by the low-energy theory.
For ∆ > 1 we instead find normal diffusion with σ(t) ∼ Dχh + b/t1/2 with D finite. For ∆ < 1 instead the situation
is less clear as super-diffusion seems also to be present, although with some larger exponent. While this phenomenon
could be related to the presence of a deformation of the O(3) sigma model which also displays super-diffusion, we
postpone these questions to further studies. In Fig. 4 we study the growth of the time-dependent conductivity for a
one-parametric family of SU(2)-invariant spin-1 Hamiltonians
Hˆϑ =
∑
i
(
cos(ϑ)sˆi · sˆi+1 + sin(ϑ)(sˆi · sˆi+1)2
)
, (214)
for several different values of ϑ, including the Haldane gapped phase, ϑ = 0, pi/8, the ferromagnetic phase, ϑ = 0.6pi,
and the dimerised phase, ϑ = 3pi/2, see for example [91]. While withing the Haldane-gapped phase we find clear
evidence of super-diffusion (as expected from the low-lying O(3) non-linear sigma model theory), the results for the
other two phases are less conclusive. Finally, in Fig. 5, we display the spin conductivity in the SU(2) spin-1 chains
Hˆ =
∑
i cos(ϑ)sˆi · sˆi+1+sin(ϑ)(sˆi · sˆi+1)2 at ϑ = pi/8 (inside the Haldane phase) for two different values of temperature,
both compatible with super-diffusion.
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FIG. 4. Log-Log plot of the spin conductivity at T = 10 and h = 0 for the SU(2) spin-1 chains Hˆϑ.
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FIG. 5. Log-Log plot of the spin conductivity at h = 0 for the SU(2) spin-1 chain Hˆϑ=pi/8 for three different values of
temperature.
